Purpose: X-ray grating interferometry (XGI) provides substantially increased contrast over conventional absorption-based imaging methods and therefore shows great potential for future biomedical applications. In this work, we propose a single-shot phase retrieval method for synchrotron-based high-energy x-ray grating interferometry. Contrary to existing retrieval methods, the presented novel approach enables direct retrieval of the object's phase map quantitatively from a single projection image, thus significantly simplifying the experimental procedure and reducing data acquisition times. Methods: The phase retrieval method is analytically derived, based on the phase-attenuation duality of soft tissues when being imaged with high-energy x rays. The sensitivity of the retrieved phase map, quantified by the standard deviation, is evaluated as a function of the photon number. Numerical experiments are performed to validate the proposed method and provide some quantitative insight.
INTRODUCTION
In the past decade, x-ray phase contrast imaging (XPCI) has been attracting increasing attention, owing to the increased image contrast, especially for samples composed of lowattenuating materials. 1 The increase in image contrast in XPCI originates from the sensitivity to the x-ray phase shift occurring inside the investigated object. These effects are described by the object's complex refractive index n = 1 À d + ib, where d and b determine the phase shift and attenuation effects, respectively. For low atomic number (Z < 10) elements, the ratio d/b is greater than 1000 at photon energies between 20 and 150 keV. 2 Consequently, phase contrast techniques are expected to provide significantly improved image contrast for objects composed of low-Z elements, such as biomedical soft tissues, where the attenuation differences are quite small. Among the various XPCI techniques developed so far, x-ray grating interferometry (XGI) has been shown to provide a high sensitivity, 3 the quantitativeness, 4 ,5 and multicontrast capabilities. 6 In particular, x-ray grating interferometry can be efficiently implemented with conventional tube sources to exploit phase contrast, 7, 8 thus potentially interesting for a variety of applications including, but not limited to visualization of brain amyloid deposition, 9 microcalcifications classification, 10 quantitative breast tissue characterization, 11 porous and composite materials science, 6 and detection of early lung injury. 12 Recent studies have seen the development of high-energy x-ray grating interferometry, including Talbot interferometer at photon energies up to 183 keV using synchrotron radiation 4, 13, 14 and Talbot-Lau interferometer at x-ray energies up to 100 keV with laboratory sources. 15 This trend is inspired by the fact that d decreases more slowly than b with increasing photon energy. Therefore, phase imaging could theoretically be performed at slightly higher x-ray energies compared with conventional attenuation-based imaging, resulting in a substantial lower dose deposition to the sample. 16, 17 This is a fundamental advantage of phase imaging compared with attenuation-based techniques and of crucial importance when medical or screening applications are envisaged. 13 In x-ray grating interferometry, the object's attenuation and phase information are entangled together in acquired phase-contrast projections. Several phase retrieval approaches have been developed for separation and evaluation of these two quantities, [18] [19] [20] [21] [22] [23] [24] which is mandatory for quantitative tissue characterization, and x-ray phase tomography. The commonly used phase-stepping technique requires multiple image acquisitions at distinct relative grating positions per angular projection. 18 This not only introduces additional mechanical complexity to the experiments but also increases the data acquisition time and the radiation dose delivered to the sample. Avoiding phase stepping would significantly increase the measurement speed, especially in x-ray phase tomography. 16 Therefore, an important challenge is to find an effective and low-dose approach for phase retrieval in x-ray grating interferometry. Moreover, the phase-stepping technique does not provide the object's phase map directly, but rather its first derivative, which often has a significant intensity only along the boundaries of the object details. Direct retrieval of the phase map would be beneficial to subsequent processing.
It has been observed that for soft tissues or materials consisting of low-Z elements, both their attenuation and phase shifts are determined by the projected electron densities when illuminated with high-energy x rays (60-500 keV). This complementary relationship between phase and attenuation is called the phase-attenuation duality (PAD). 25, 26 The associated inverse problem of phase retrieval can benefit from the PAD relationship. Recently, a single-image phase retrieval method has been developed for propagation-based imaging by utilizing the PAD relationship, 25, 26 and found applications in biomedical research [27] [28] [29] [30] and nondestructive material characterization. 31 In this work, we presented a novel phase retrieval method based on PAD for synchrotron-based high-energy x-ray grating interferometry. With a single phase-contrast projection image as input, the phase retrieval formula is theoretically derived and presented, and tested by numerical simulations including photon shot noise. Furthermore, the sensitivity of the retrieved phase map is also investigated through numerical experiments.
THEORY AND METHODS
Consider the synchrotron-based x-ray grating interferometer schematically presented in Fig. 1(a) . Under partially coherent illumination from synchrotron radiation, a phase grating G1 produces a periodic interference pattern at one of the fractional Talbot distances d T downstream. With an object placed immediately before G1, the interference pattern is locally deformed due to the x-ray refraction induced by the object. In most experimental cases, the interference pattern is too small to be directly resolved by common x-ray detectors. Therefore, an absorption grating G2 with a period matching that of the interference pattern is utilized to convert the local deformation into intensity variations recorded by the detector placed just behind G2. A lateral scanning of one of the gratings results in an oscillating intensity signal recorded by each detector pixel as a function of the relative grating position x g , as shown in Fig. 1(b) .
In x-ray grating interferometry, with an object placed upstream of G1, the measured intensity by each detector pixel can be written as follows 20, 23 
where I 0 ðx; yÞ is the incident intensity on the object, lðx; y; zÞ is the object's linear attenuation coefficient, Sðx g Þ is the normalized intensity curve, p 2 is the grating period, and the refraction signal aðx; yÞ is related to the derivative of the x ray's phase shift Uðx; yÞ by 32 aðx; yÞ ¼ k 2p
@Uðx; yÞ @x (2) with k being the x-ray wavelength. Note that in Eq. (1), the spatial dependence has been omitted for the sake of clarity.
The logarithm of the measured image intensity is then given by
For further analysis, we set the relative grating position x g at one of the slope positions, denoted by the blue dots in Fig. 1(b) . In the hypothesis that the refraction signal is small compared to p 2 =4d T , that is, jaj ( p 2 =4d T , we can reasonably apply the first-order Taylor expansion around a ¼ 0, 20, 23 and yield
where _ Sðx g Þ denotes the first-order derivative of the normalized intensity curve. It is noted that the hypothesis jaj ( p 2 =4d T is supported by experimental findings that the refraction signal induced by a breast tissue of several centimeters thick was of the order of 0.01-0.1 lrad. 33, 34 Furthermore, the validity of the used hypothesis is also supported by the fact that the refraction signal decreases as the negative second power of the photon energy while the ratio p 2 =4d T is only inversely proportional to the photon energy. Now substitution of Eqs. (2) and (4) 
with C ¼ _ Sðx g Þd T =Sðx g Þ. When the x-ray energy falls within the 60-500 keV range, for those soft tissues encountered in clinical applications, such as mammography, their attenuation cross sections can be very well approximated by that of x-ray Compton scattering. 35 Under this circumstance, both the x-ray attenuation and phase shifts by soft tissues are determined by the projected electron density. This relationship has been referred to as the PAD. 25, 26 When the PAD relationship holds, the x-ray attenuation by the object can be expressed as, Z lðx; y; zÞdz ffi r KN Z q e ðx; y; zÞdz (6) where q e is the object's electron density, and r KN is the total cross section of x-ray Compton scattering with a free electron derived from the Klein-Nishina function, 35 r KN ¼2pr
where r e is the classical electron radius, and g E=511 keV with E denoting the photon energy.
In the absence of absorption edges of the materials constituting the object, the x-ray phase shift U x; y ð Þ is linearly proportional to the projected electron density, Uðx; yÞ ¼ kr e Z q e ðx; y; zÞdz
On substitution of Eqs. (6) and (8) into Eq. (5), we yield the following expression,
which contains only one unknown, that is, the projected electron density. Therefore, a single intensity measurement provides a unique solution for the unknown. From the solution, both the x-ray attenuation and phase shift can be retrieved according to Eqs. (6) and (8), respectively. Consider the one-dimensional (1D) Fourier transform of Eq. (9), and we yield,
whereF denotes the 1D Fourier transform, and u is the spatial frequency. From Eq. (10), we can obtain the Fourier transform of the projected electron density,
from which the phase map of the object can be retrieved by
withF À1 denoting the 1D inverse Fourier transform, and the x-ray attenuation can be retrieved by exp À Z lðx; y; zÞdz
Therefore, as shown in Eqs. (12) and (13), both the object's phase map and the x-ray attenuation image can be retrieved simply by appropriate filtering in Fourier space of the measured single projection image. Note that the normalized intensity curve Sðx g Þ and the constant C need to be predetermined using the phase stepping procedure with a very large number of steps.
The novelty of the proposed method lies in its unique ability to retrieve the phase map of soft tissues from a single projection image. In order to test its validity, numerical simulations were performed following the reference. 36 Most parameters of the simulated grating interferometer were taken from the synchrotron-based experimental setup used by Willner et al. 4 At a design energy of 82 keV, the phase grating had a period of 2.4 lm and was made of Si, with a structure height of 14.1 lm (introducing an approximate phase shift of p/2). The used analyzer grating had a period of 2.4 lm and gold structures of 100 lm height. The intergrating distance d T was set to 57.14 cm, that is, the third fractional Talbot distance. The relative grating position is set to x g ¼ p 2 =4. For the detector, we assumed the use of a single-photon-counting detector with an effective pixel size of 8 lm. Especially, the visibility, charactering the performance of x-ray grating interferometer, had a realistic value of 26% in the simulations.
A numerical phantom was created following the reference, 37 which consists of a vertically aligned cylinder of breast tissue with a 2 mm diameter. Corresponding refractive index values were computed by using the density and elemental compositions from the compilations. 38 To make the simulated data more realistic, photon shot noise, which is signal-dependent and Poisson distributed, was taken into account in the simulated projection images.
RESULTS AND DISCUSSIONS
Figure 2(a1) shows the directly retrieved phase map using Eq. (12) with an incident photon counts of 6400 per pixel, representative of synchrotron radiation experimental values. As a comparison, Fig. 2(b1) displays the integrated phase map, which was obtained by integrating the refraction image produced by a five-step phase stepping procedure. For an honest comparison, the total photon statistics is kept the same as that of the single projection. As can be seen, an improved image quality is achieved in the directly retrieved phase map. This is also supported by the quantitative line profile comparisons presented in Fig. 2(c1) , together with the theoretical values calculated by using Eq. (8). These profiles was obtained by averaging ten lines vertically. It is shown that the directly retrieved phase values are in a quantitatively good agreement with theoretical predictions. By contrast, the integrated profiles differ more from the theoretically predicted values. An underestimation is clearly seen within the cylinder. Those results confirm the validity of the novel single-shot approach.
Particularly, the horizontal streak artifacts, from which the phase map obtained from integration of the refraction image suffers, 39, 40 are significantly suppressed, if Fig. 2(a1) is compared to Fig. 2(b1) . This is attributed to the fact that Eq. (12) behaves as a low-pass filter, which greatly suppresses high-frequency noise in the input image. As a consequence, the algorithm is expected to be stable with respect to high-frequency noise in the raw projection image. In order to demonstrate the robustness of our approach against noise, Fig. 2(a2) shows the directly retrieved phase map with the incident photon counts of only 200 per pixel. When compared to Fig. 2(a1) , some horizontal streak artifacts appear in Fig. 2(a2) . However, the situation is much worse in the corresponding integrated phase map, as shown in Fig. 2(b2) . Some quantitative insight can be obtained from the line profile comparisons in Fig. 2(c2) . Even in the case of low photon statistics, the directly retrieved phase shift remains a good approximation of the theoretical predictions, while the integrated phase shift deviates from the expected baseline obviously at the end of the cylinder, besides the previously observed underestimation. These facts can be understood by noting that the filter in Eq. (12) never diverges at low frequencies (in particular at the zeroth frequency), leading to all spatial frequencies being well behaved. Actually, this is a direct result of exploiting both attenuation and refraction information from the raw projection image, where the attenuation signal effectively acts as a regularization term. Finally, the sensitivity of the proposed single-shot approach is investigated. The sensitivity is defined as the standard deviation over a background area of 60 9 30 pixels, marked by the rectangle in Fig. 2(a1) , which is considered indicative of the minimum amount of detectable phase shift. Figure 3 presents the logarithm of the calculated sensitivity and its fitting by a linear function against the logarithm of the photon number using a least-squares method. For comparison, the standard deviation of the conventional integrated phase map is also presented. As shown, for the directly retrieved phase map, the sensitivity increases with the photon number as Sensitivity / I À0:4933 0 , while the sensitivity of the integrated phase map behaves as Sensitivity / I À0:5272 0 . These results indicate that the sensitivities of the two approaches are approximately inversely proportional to the square root of the incident photon number. We note that within the considered range of photon number, the sensitivity of the directly retrieved phase map is always higher than that of the integrated phase map. This fact confirms the improved image quality quantitatively. Even in the case of only 200 photon counts, the standard deviation of the directly retrieved phase map is smaller than 4. It indicates a good stability of the method against statistical noise. This result can be attributed to the low-pass filtering of Eq. (12) . The error bars in both plots are from repeating the standard deviation measurements for 20 times within the selected region-of-interest.
CONCLUSION
In summary, we presented a novel single-shot phase retrieval approach for synchrotron-based high-energy x-ray grating interferometry. This approach makes use of the phaseattenuation duality and requires the acquisition and mathematical processing of a single projection image. Results from numerical experiments verifies the feasibility of this approach. It is demonstrated that the streak artifacts, from which the conventional integrated phase map suffers, are significantly suppressed. Furthermore, we mention that in a high-energy (60-500 keV) x-ray grating interferometer, the phase maps of several types of soft tissues can be retrieved simultaneously by the presented approach, rather than one by one. The requirement of a single input image greatly simplifies the experimental procedure, as the grating scanning procedure during image collection is avoided. Thus, it enables a reduction in acquisition times and of the radiation dose delivered to the specimens. Therefore, we can expect widespread potential applications of this method in biomedical imaging, materials science, etc. Future work will be dedicated to its extension to x-ray Talbot-Lau interferometry using polychromatic tube sources. Finally, the developed single-shot phase retrieval approach can also be generalized to edge illumination x-ray phase-contrast imaging. 41 
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